We develop a theory of point defects in cholesterics and textures in spherical droplets with normal anchoring. The local structure of chiral defects is described by singularity theory and a smecticlike gradient field establishing a nexus between cholesterics and smectics mediated by their defects. We identify the defects of degree −2 and −3 observed experimentally with the singularities D − 4 and T4,4,4, respectively. Radial point defects typical of nematics cannot be perturbed into chiral structures with a single handedness by general topological considerations. For the same reasons, the spherical surface frustrates the chirality in a surface boundary layer containing regions of both handedness.
Introduction
The character of materials is conveyed by their defects: They control strength or fragility [1] , determine elastic interactions [2, 3] , mediate self-assembly [4] [5] [6] , and precipitate phase transitions [7] [8] [9] [10] [11] . The widespread influence of defects derives from their high energetic cost, strong elastic distortions, and topological nature. This is especially true in the liquid crystalline mesophases, whose defects have often offered key insights and motivated the naming of textures. Moreover, liquid crystals offer a versatile setting for studying topological phenomena, often with relevance across multiple disciplines, including cosmological strings [12] , biological tissues and morphogenesis [13, 14] , and magnetic Skyrmion textures [15] [16] [17] . Chiral materials furnish an especially rich source of topological and geometric phenomena, and chirality is also at the heart of one of the fundamental contrasts given in liquid crystals; between smectics and cholesterics. In de Gennes' famous analogy [18] , their contrast is equivalent to the difference between metals and superconductors, with the expulsion of twist from smectics being analogous to the Meissner effect. Here, we will emphasise a new paradigm where the defects in chiral materials are forced to have the local structure of a smectic in order to be chiral.
The character of point defects in cholesteric liquid crystals (or magnetic Skyrmion textures) appears not to have been considered previously, apart from recent experimental work realising them [19] [20] [21] . This contrasts with the situation in nematics where point defects, known colloquially as hedgehogs, have been extensively studied over several decades [2] [3] [4] [22] [23] [24] [25] [26] [27] . They can be generated deliberately as satellite defects to colloidal inclusions, or in droplets, with normal anchoring. For spherical colloids, point defects form elastic dipoles and fascilitate self-assembly of colloidal chains and lattices [5] , while in droplets transitions between defect states produced by changes in boundary conditions [24] can provide highly sensitive sensors [28, 29] . Point defects in nematics are classified by an integer (π 2 (RP 2 ) ∼ = Z) known as the hedgehog charge, or degree [30] . Normal anchoring boundary conditions on a surface of genus g correspond to a degree 1 − g and induce compensating point defects of the same total degree in liquid crystal surrounding colloidal inclusions [31] or inside handlebody droplets [32] . In addition to their own phenomenology the topological character of point defects has also provided fundamental insight into disclination loops and their classification [30, 33, 34] . The lack of a similar body of work for point defects in cholesterics represents a gap in our understanding of chiral materials; closing it will provide considerable insight into cholesterics and Skyrmion textures of chiral ferromagnets [35] .
In recent experiments [19] [20] [21] point defects were created in spherical droplets of cholesteric liquid crystal with normal surface anchoring and shown to have markedly different properties from their nematic counterparts. Whereas spherical nematic droplets relax to a state of minimal distortion with a single defect of degree +1 near the centre and an approximately radial texture [26] , a diverse variety of different states were found in the cholesteric case. These included point defects of degree +1, −1, −2 and −3 -the higher charge defects observed for the first time -as well as numerous string-like 'constellations' and 'topological molecules'. Defects were located both in the centre of the droplet and in close proximity to its surface. The latter are not the boojums associated to planar anchoring [24] but a feature of the cholesteric order.
Here, we provide a theoretical description of point defects in cholesterics that reproduces the structures observed experimentally. The main feature of this description is that the structure is determined by a gradient field, more commonly associated with smectics, whose basic properties include the fundamental absence, or expulsion, of chirality [10, 18] . This establishes a previously unnoticed nexus between cholesterics and smectics. Generically, point defects are not chiral and sit on sur-faces separating domains of opposite handedness; there is then an energetic drive to expel those defects from the interior. For those that are chiral, their local structure is that of a gradient field with isolated critical point and the chirality provided by higher order terms in a Taylor series. The type of critical point provides a label for the defect that refines the topological degree. Generic chiral point defects are described by Morse critical points with Morse index 1 or 2 (only). Defects with higher topological charge are associated to degenerate critical points, giving a new physical application for singularity theory [36] [37] [38] ; we identify those of charge −2 and −3 seen experimentally with the D − 4 and T 4,4,4 singularities, respectively. Annihilations of defects, their splittings and metamorphoses are described by unfoldings of the singularities. Line defects in the pitch axis of the cholesteric (λ lines) are also prescribed by the gradient field of the singularity. Finally, the spherical surface of the droplet frustrates the chirality in a topological way that necessitates the existence of localised regions near the surface with the wrong handedness. The similarity between cholesterics and chiral ferromagnets means that this description also applies to the monopoles that have been seen in Skyrmion states [35] .
Cholesterics
Liquid crystals are anisotropic fluids described by an average molecular orientation called the director field, n, a unit magnitude vector, although the symmetry of the nematic phase is that of a line field, i.e. n ∼ −n. The director field extremises the Frank free energy [39] 
where the K i are elastic constants and q 0 is a chiral coupling constant, called the chirality. We shall assume that the cholesteric is right-handed (q 0 > 0). In a bulk material, the minimum energy configuration is the cholesteric ground state n = cos q 0 z e x + sin q 0 z e y . It is periodic with periodicity p = π/q 0 , known as the cholesteric halfpitch. A dimensionless measure of the strength of the chirality in the droplet is the ratio of its diameter 2R to the half-pitch, N = 2R/p. In the experiments of Refs. [20, 21] , typical values were 2 N 6; in the simulations shown here we use values between 2 and 4. We consider a spherical droplet with normal anchoring boundary conditions that has only point defects in the interior. The director field can then be oriented and we orient it to coincide with the outward radial direction, n = x/ x , on the surface. This choice imposes that the degrees of all of the interior defects add up to +1. Numerical minimisation of Eq. (1) is done using a finite difference relaxation algorithm on a cubic grid; for simplicity we adopt a one elastic constant approximation (K 1 = K 2 = K 3 ) and the only relevant parameter is then the dimensionless ratio N . This captures all the phenomenology and major experimental observations; more quantitative comparison can come from including defect core structure and elastic anisotropy.
Achiral Point Defects
We represent the director field as n = m/ m where m is a vector field with isolated zeros at each of the point defects. Since n · ∇ × n = (m · ∇ × m)/ m 2 the director field is chiral whenever m is. We shall call a defect (zero in m) chiral if it is surrounded by a region in which the vector field is twisted of a single handedness; otherwise we shall call it achiral. The twist is frustrated at the defects -if m = 0 then evidently m · ∇ × m = 0 -so that it is non-generic for a defect to be chiral. To explain the frustration, at the level of a structural classification the zeros in m are locally equivalent to a polynomial form and in the generic case to a linear vector field. If the curl is non-zero then the twist will be a linear function and the zero is not chiral. An example is the vector field m = x e x − z e y + y e z for which the twist is m · ∇ × m = 2x. This structural form provides a good local description of the defects that arise close to the droplet surface in experiments.
We show in Fig. 1 (a) the result of a typical simulation of a weakly chiral droplet (N < 1). The texture is visualised through a Pontryagin-Thom surface [40] , which shows the set of points where the director is horizontal (n z = 0) and coloured according to the horizontal orientation. The most noticeable change from the radial profile of a nematic droplet is the displacement of the defect from the centre towards the surface. This can be understood by looking at the twist throughout the droplet, which we show in Fig. 1(b) ; the defect sits on a surface that separates the droplet into regions with opposite handedness. There is then an energetic drive to expand the region with the correct handedness (blue) at the expense of that with the wrong sense of twist (red) and the balance of this with the increased elastic distortion determines the position of the point defect. The broken spherical symmetry from the displacement of the defect defines an axis through the droplet and the chiral distortion of the director field turns this into the axis of a double twist cylinder.
Increasing N for small values continues this trend; the defect moves further towards the surface to reduce the size of the region with the wrong handedness and the axis it defines becomes increasingly recognisable as a double twist cylinder. However, this does not continue forever and for values of N 2 the defect starts to move away from the surface again as the director field restructures continuously to the form shown in Fig. 1(c) , where the point defect has become chiral; the twist is shown in Fig. 1 (e) and is uniformly right-handed (blue) around the defect. We describe this structure now. 
Chiral Point Defects
Generic linear vector fields fail to be chiral because their curl is non-zero. Consequently, the local form for a chiral zero is m = ∇φ + m c , where φ has an isolated critical point at the origin and m c is of higher order in a Taylor series. As alluded to, the structure of the director field is then unexpectedly close to that of a smectic, normal to the level sets of φ, or smectic layers. The type of critical point in φ is a label for the chiral zero that refines the degree. In the generic case, the critical point is described by a quadratic function, referred to as Morsetype. Quadratic functions can be diagonalised and up to equivalence are distinguished by the number of negative terms in this diagonal form, called the Morse index [41] .
The generic chiral defect of degree +1 and Morse index 2 is described by the local form
for which the twist is m·∇×m = −q(2ax 2 +y 2 +z 2 ). Here a > 0 is dimensionless and q has dimensions of an inverse length. For the particular case a = 2, n · ∇ × n ≈ −q suggesting that we should take q = q 0 up to an O(1) factor. Changing the sign of the vector field (2) gives the local form of a generic chiral defect of degree −1 and Morse index 1. Figure 1(c), (d) show the results of simulations initialised using (2), or its negative (h), throughout the central portion of the droplet and a radial profile outside. The correspondence with experimental observations [19] [20] [21] is striking, Fig. 1(f) , (g) and (j).
The twist of the director field on a slice through the droplet is shown in Fig. 1(e) and (i) . Throughout the interior, including at the defect, the twist is right-handed (blue) but close to the surface there are regions where it is left-handed (red). This behaviour is topological, as we describe presently.
The radial hedgehog m = x e x +y e y +z e z corresponds to the gradient field of the function φ = 1 2 (x 2 + y 2 + z 2 ), with Morse index 0, and is the observed configuration for nematic droplets. However, this structure is not preserved in a chiral droplet and exhibits fundamental frustration with a state of uniform twist; there is no choice of higher order term m c that makes the radial hedgehog chiral. This follows from a theorem of Eliashberg & Thurston [42] , the Reeb stability theorem for confoliations, which we describe informally. It is based on the property that the level sets of φ are spheres. Consider any such level set and separate it into two hemispheres D 1 ∪ D 2 with common boundary an equator. The twist over each disc can be related to the nature of the director field on its boundary. This is based on the properties of integral curves of the plane field orthogonal to n, i.e. curves whose tangent is always perpendicular to the director. When the twist vanishes, the director is the normal to the level sets of φ and any curve lying in such a surface is integral. This applies in particular to the boundary of any disc. When the twist is non-zero the director is no longer perpendicular to the boundary. In this case, the boundary can be lifted -pushed up or down along the surface normal direction -to create an integral curve. This curve is not closed; its endpoints have a vertical displacement between them whose magnitude is related to the non-vanishing of the twist [42] . Importantly, if the twist is right-handed then the displacement is along the positive normal direction, while if it is left-handed the displacement will be in the negative direction. Applying this to the separation of the spherical level set into two hemispheres, the displacement around the boundary of each hemisphere is equal and opposite, since the two boundaries are the same equator but traversed in opposite directions. As a result, if the twist is right-handed in one hemisphere it will be left-handed in the other, and in equal measure. We see from this that radial hedgehogs are incompatible with the preferred handedness of cholesterics.
Droplet Surface and Boundary Layer
Precisely the same argument applies to a boundary layer at the droplet surface where the director becomes radial to match the boundary conditions. By the same theorem of Eliashberg & Thurston the twist cannot be uniformly right-handed and by necessity there is some region of reversed twist close to the surface. In the case of the Morse index 2 defect (Fig. 1(c) ) this takes the form of a non-singular ring, while for Morse index 1 ( Fig. 1(h) ), and all other examples, the regions of twist reversal are associated to achiral +1 'surface defects' and this topological argument provides an explanation for the presence of such defects localised close to the surface. This boundary behaviour is peculiar to spherical surfaces and there is no corresponding topological limitation on the twist (handedness) for surfaces of any positive genus (g > 0), whose boundary behaviour is characterised by a one-dimensional cohomology class of the surface, i.e. an element of R 2g [42] . Regions of opposite twist localised near point defects close to surfaces with normal anchoring have recently been observed in experiments and numerical simulations [43] . In those experiments the surface is the flat plane of a glass slide, as opposed to being spherical. It is only spherical surfaces that have a topological requirement for regions of reversed twist.
Singularity Theory and Defects of Higher Degree
Morse critical points have degree ±1 and so cannot describe the defects with higher degree (−2, −3) observed experimentally [20] ; they correspond to degenerate critical points, for which we follow Arnold's classification [44] .
Among the simple singularities, the only models for defects with degree −2 are furnished by the classes D 
where κ is a constant with dimensions of an inverse length. The gradient vector field can be made chiral in a neighbourhood of the origin by adding the germ m c = q −κz x 2 −y 2 e x +2κxyz e y −q 2 z 3 −y e x +x e y .
The correspondence between this local model and experimental observations [20, 21] is striking (Fig. 2(a), (c) ), although we find in our simplified director-based simulations that the defect is unstable and breaks apart into two degree −1 defects, each with the Morse-type local structure described above. This points to the importance of defect core structure, or elastic anisotropy, for stability in physical systems.
The experimentally observed defect with degree −3 [20, 21] (Fig. 2(h) ) is reproduced by the unimodal singularity T 4,4,4 , which we write
where the modulus a has dimensions of length. This is a codimension 9 singularity with multiplicity 11, characteristics which convey its high complexity. The codimension of a singularity is the number of independent parameters, or perturbations, that resolve it into simpler pieces, while the multiplicity is the number of Morse critical points that it splits into (as a complex polynomial) under a generic perturbation. In addition to the origin, where there is an isolated zero of degree −3, the gradient vector field has isolated zeros of degree +1 (and Morse index 0) at the four points a (1, −1, 1), a(−1, 1, 1), a(1, 1, −1) , a(−1, −1, −1), corresponding to the vertices of a tetrahedron. This suggests that the modulus a should take a value of R/ √ 3, up to an O(1) factor, so that these defects sit near the surface of the droplet, as observed experimentally. The gradient field of (5) can be perturbed into a chiral point defect via a generic method that we describe in the following section. Simulations initialised with the T 4,4,4 singularity produce a numerically stable degree −3 point defect surrounded by four tetrahedrally-arranged surface defects in excellent agreement with the experiment (Fig. 2(f), (h) ).
The appearance of singularity theory in the classification of the zeros of chiral vector fields represents an interesting new physical application for this branch of mathematics [36] [37] [38] 44] and it is natural to consider how the formalism of singularity theory manifests itself in this setting. In particular, the unfoldings of singularities provide models for the combination and splitting of chiral point defects. The annihilation of two chiral defects with opposite degree is given generically by the unfolding of the A 2 singularity and the germ where κ is a constant with dimensions of an inverse length and c is a parameter of the unfolding with dimensions of length. When c/κ is positive there are no critical points, while when it is negative there are isolated Morse critical points at (±|c/κ| 1/2 , 0, 0) with Morse indices 1 (+) and 2 (−).
The unfolding of the D − 4 singularity provides a generic description of the splitting of a degree −2 chiral defect, or merging of two point defects with the same degree (−1)
As an example of the unfolding, when only c 1 is non-zero the D − 4 singularity splits into two Morse-type defects, at the points (±|c 1 /2κ| 1/2 , ±|c 1 /2κ| 1/2 , 0) when c 1 /κ is negative and at (∓|c 1 /2κ| 1/2 , ±|c 1 /2κ| 1/2 , 0) when c 1 /κ is positive. The resulting pattern of point defects within the droplet is shown in Fig. 2(d) and is strongly reminiscent of the 'V-shaped constellations' observed experimentally (Fig. 2(e) ) [20, 21] . Other configurations of 'topological molecules' observed experimentally [20, 21] are consistent with unfoldings of higher degree germs; examples for degree −3 are shown in Fig. 2(j-l) .
At the same time, not all aspects of singularity theory have an immediate realisation in cholesterics. For instance, it is not clear whether the full list of singularities all occur, or in an order predicted by their codimension. As an example, the lowest codimension singularity with degree −3 is X 9 (codimension 7) and not T 4,4,4 .
In Fig. 2(i) we show the structure of a cholesteric droplet generated by the X 9 germ; its fourfold symmetry with the surface defects sitting in a plane and at the vertices of a square immediately distinguishes it from the tetrahedral T 4,4,4 . In the latter, the surface defects are maximally separated, which lowers the elastic free energy.
Curl Eigenfields and Harmonic Critical Points
A curl eigenfield, also known as a Beltrami field, is a vector v for which ∇ × v = λv for a scalar eigenvalue λ [45, 46] . Setting n = v/ v we obtain n · ∇ × n = λ so that a normalised curl eigenfield has constant twist away from its zeros. This suggests a special model, that corresponds to minimisers of the Frank free energy (1) when K 2 K 1 , K 3 . In this limit, the free energy density is minimised pointwise except at the zeros of the curl eigenfield, giving a construction reminiscent of that for the blue phases [47] or their helimagnet analogues [48, 49] .
Curl eigenfields are divergenceless and in the local form m = ∇φ + m c , φ is a harmonic function. The chiral perturbation is also determined by φ; as a formal series, m c = j m c , is determined up to the addition of a harmonic gradient. Thus the entire structure of such a chiral point defect is determined by the gradient field of a harmonic function. Many of the singularities in Arnold's list have harmonic representatives; for instance the Morse singularity of (2) is harmonic if a = 2, and a harmonic germ for the T 4,4,4 singularity is
They can all be perturbed so as to be chiral following the prescription for the germs of curl eigenfields. Nonetheless, it is well-known that not all types of critical point can occur in a harmonic function: By the maximum principle, there are no local maxima or minima. This recapitulates the content of Eliashberg & Thurston's more general result [42] ; there are no chiral point defects with radial director field. Germs of harmonic critical points can be expressed in terms of spherical harmonics, φ = l,m a lm r l Y lm . For example, the harmonic Morse critical points are given by r 2 Y 20 , while the harmonic form of T 4,4,4 , equation (9) 
In general, the leading spherical harmonic determines the symmetry of the defect and, in particular, the arrangement of accompanying 'surface defects', while higher order terms ensure that it is isolated. In this way, defects with higher degrees and desired symmetries can be constructed. The observed point defects of degrees −1, −2 and −3 have symmetries such that the accompanying +1 'surface defects' exhibit highly geometric configurations with maximal separation; antipodal points, the vertices of an equilateral triangle, and the vertices of a tetrahedron, respectively. These correspond to the energy minimising configurations of identical point charges on the surface of a sphere, interacting via the Coulomb force, known as the Thomson problem [50] , which provides a candidate for the symmetry of the higher degree defects. A degree −5 defect with octahedral symmetry is captured by the germ φ = − 7/10 r 4 Y 40 − Re r 4 Y 44 . Octahedral arrangements of 'surface defects' have been observed experimentally in 'topological molecules' consistent with unfoldings of the degree −5 germ [20, 21] . Curiously, the bipyrmidal degree −4 defect requires higher order spherical harmonics to construct; it is captured by the germ φ = Im r 5 Y 53 +κ Re r 8 Y 80 . Its higher order structure suggests a less stable core, which may explain why it has not yet been observed. In a cholesteric, the local direction along which the director twists is called the pitch axis. It varies through the material and can have its own defects, called λ lines [27, 51] . Point defects in the director are associated with a confluence of λ lines, whose number and type are related on topological grounds to the type of point defect [17] ; for a defect of degree k there are a total of 4|k| lines, counted with multiplicity.
In fact, a much more detailed description can be given: As the structure of chiral point defects is determined by the gradient field of an isolated singularity, the location and type of the defects in the pitch axis coincides with the structure of umbilic lines of the local level manifolds of the function germ. Passing through the critical value the level sets change between 1 + |k| disconnected discs and a connected surface of Euler characteristic 1 − |k|. as an example, the degree is −2 so that there must be 8 umbilic lines, counted with multiplicity. There are three degenerate umbilic lines (double twist cylinders - Fig. 3(d) ), connecting the central defect to the +1 surface defects. These should be counted with multiplicty 2 [17] , leaving a deficit count of 2. Symmetry considerations tell us that this is made up by two additional umbilic lines (λ −1/2 profile - Fig. 3(e) ) along the z-axis. A similar description can be given in all cases.
Discussion
Smectics and cholesterics are often contrasted [51] ; sometimes this emphasises similarlties, for instance they have the same elasticity [52] , but usually the focus is on the sense in which they are antithetical. The nonvanishing of the twist is precisely the condition -Frobenius integrability theorem -that the director field is not the normal to any set of layers and provides a geometric characterisation of cholesterics [53] . Conversely, the expulsion of twist from a smectic is a hallmark of that phase, famously analogous to the Meissner effect [18] . But in the presence of defects the division is diminished: Chiral point defects are determined by the gradient field of an isolated singularity, yielding a convergence between cholesterics and smectics.
Defects are central to understanding the behavior and properties of materials. Their link with singularity theory suggests that the richness of that subject can be harnessed to direct future developments. More generally, the topological frustration of chirality by radial defects and spherical surfaces gives new fundamental insight into the character of chiral materials, applicable to Skyrmions in chiral ferromagnets as well as cholesterics. 
